On closed non-vanishing ideals in $C_B(X)$ II; compactness properties by Khademi, A. & Koushesh, M. R.
ar
X
iv
:1
80
3.
04
67
2v
1 
 [m
ath
.FA
]  
13
 M
ar 
20
18
ON CLOSED NON-VANISHING IDEALS IN CB(X) II;
COMPACTNESS PROPERTIES
A. KHADEMI AND M.R. KOUSHESH∗
Abstract. For a completely regular space X, let CB(X) be the normed al-
gebra of all bounded continuous scalar-valued mappings on X equipped with
pointwise addition and multiplication and the supremum norm and let C0(X)
be its subalgebra consisting of mappings vanishing at infinity. For a non-
vanishing closed ideal H of CB(X) we study properties of its spectrum sp(H)
which may be characterized as the unique locally compact (Hausdorff) space
Y such that H and C0(Y ) are isometrically isomorphic. We concentrate on
compactness properties of sp(H) and find necessary and sufficient (algebraic)
conditions on H such that the spectrum sp(H) satisfies (topological) prop-
erties such as the Lindelo¨f property, σ-compactness, countable compactness,
pseudocompactness and paracompactness.
1. Introduction
A space means a topological space. We adopt the definitions of [2], in particu-
lar, completely regular spaces, compact spaces, locally compact spaces, σ-compact
spaces, countably compact spaces and paracompact spaces are Hausdorff, Lindelo¨f
spaces are regular, and pseudocompact spaces are completely regular. The field of
scalars, which is fixed throughout, is R or C, and is denoted by F. For a space
X the set of all bounded continuous scalar-valued mappings on X is denoted by
CB(X). The set CB(X) is a Banach algebra when equipped with pointwise addi-
tion and multiplication and the supremum norm. The normed subalgebra of CB(X)
consisting of mappings which vanish at infinity is denoted by C0(X).
In [10], motivated by previous studies in [7]–[9], the second author has studied
closed ideals H of CB(X) which are non-vanishing, in the sense that, for every
element x of X there is an element of H which does not vanish at x. (Here X is
assumed to be a completely regular space which is not necessarily a locally com-
pact space.) This has been done by studying the spectrum sp(H) of H , i.e., the
unique locally compact space Y such that H and C0(Y ) are isometrically isomor-
phic. The spectrum sp(H) has been constructed as a subspace of the Stone–Cˇech
compactification of X . The study in [10] has been continued in [6] where we have
considered connected properties of sp(H). This includes finding necessary and suffi-
cient (algebraic) conditions on H such that the spectrum sp(H) satisfies connected-
ness (topological) properties such as locally connectedness, total disconnectedness,
zero-dimensionality, strong zero-dimensionality, total separatedness and extremal
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disconnectedness. The purpose of this article is to undertake a similar study by find-
ing necessary and sufficient conditions on H such that the spectrum sp(H) satisfies
compactness properties such as the Lindelo¨f property, σ-compactness, countable
compactness, pseudocompactness and paracompactness.
We use the theory of the Stone–Cˇech compactification as the tool. We men-
tion the basic definitions in the following and refer the reader to [5] for further
information.
The Stone–Cˇech compactification. Let X be a completely regular space. A
compactification of X is a compact space αX which containsX as a dense subspace.
The Stone–Cˇech compactification of X (denoted by βX) is the “largest” compacti-
fication of X which is characterized by the property that every bounded continuous
mapping f : X → F is extendible to a continuous mapping F : βX → F. For every
bounded continuous mapping f : X → F we denote by fβ or fβ the (unique) contin-
uous extension of f to βX . Note that for every continuous mappings f, g : X → F
and a scalar r we have (f + g)β = fβ + gβ , (fg)β = fβgβ, (rf)β = rfβ , fβ = fβ,
|f |β = |fβ| and ‖fβ‖ = ‖f‖.
2. Preliminaries
In [10], the second author has studied closed non-vanishing ideals H of CB(X),
where X is a completely regular space, by studying their spectrum sp(H). (By H
being non-vanishing it is meant that for every element x of X there is an element
of H which does not vanish at x.) The spectrum sp(H) has a simple description as
a subspace of the Stone–Cˇech compactification of X , as described in the following
theorem quoted from [10].
For a mapping f : Y → F the cozeroset of f is defined as the set of all y in Y
such that f(y) 6= 0, and is denoted by coz(f).
Theorem and Notation 2.1. Let X be a completely regular space. Let H be a
non-vanishing closed ideal in CB(X). The spectrum of H is defined as
sp(H) =
⋃
h∈H
coz(hβ).
The spectrum sp(H) is an open subspace of βX, and thus, is a locally compact
space. Also, sp(H) contains X as a dense subspace. Further, H and C0(sp(H))
are isometrically isomorphic. The spectrum sp(H) is therefore characterized as the
unique locally compact space Y such that H and C0(Y ) are isometrically isomorphic.
In particular, sp(H) coincides with the Gelfand spectrum of H, in the usual sense,
when the field of scalars is C.
The simple representation of sp(H) in the above theorem enables studying its
properties by relating (topological) properties of sp(H) to (algebraic) properties of
H . This has been done in [10] and later in [6], where in the latter the authors have
concentrated on the study of various connectedness properties of sp(H). Among
results of this type we mention the following two theorems quoted from [10] and
[6], respectively.
Theorem 2.2. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). The following are equivalent:
(1) sp(H) is connected.
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(2) H is indecomposable, that is
H 6= I ⊕ J
for any non-zero ideals I and J of CB(X).
Theorem 2.3. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). The following are equivalent:
(1) sp(H) is locally connected.
(2) For every closed subideal G of H we have
G =
⊕
i∈I
Gi,
where {Gi : i ∈ I} is a collection of indecomposable closed ideals of CB(X).
Here the bar denotes the closure in CB(X).
The purpose of this article is to study compactness properties of the spectrum
sp(H) of non-vanishing closed ideals H of CB(X). Examples of non-vanishing
closed ideals of CB(X) are described in [10]. (See [3]–[4] and [7]–[9] for other
relevant results and examples.)
3. Compactness properties of the spectrum
The purpose of this section is to study non-vanishing closed ideals H of CB(X),
where X is a completely regular space, by relating algebraic properties of H to
topological properties of the spectrum sp(H). We will concentrate on compactness
properties, such as the Lindelo¨f property, σ-compactness, countable compactness,
pseudocompactness and paracompactness.
We will need a definition and a few lemmas from [10] and [6]. These we list in
the following and refer the reader to [10] and [6] for missing proofs.
Definition 3.1. Let X be a completely regular space. For an ideal G of CB(X)
let
λGX =
⋃
g∈G
coz(gβ).
Note that by Theorem 2.1, for a non-vanishing closed ideal H of CB(X) (where
X is a completely regular space) we have sp(H) = λHX .
The next three lemmas (with Lemma 3.4 slightly modified) may be found in [6].
Lemma 3.2. Let X be a completely regular space. Let G be an ideal of CB(X).
Then
λGX = λGX.
Here the bar denotes the closure in CB(X).
Lemma 3.3. Let X be a completely regular space. Let G1 and G2 be closed ideals
of CB(X) such that λG1X = λG2X. Then G1 = G2.
Lemma 3.4. Let X be a completely regular space. Let {Gi : i ∈ I} be a collection
of ideals of CB(X). Then
λ∑
i∈I Gi
X =
⋃
i∈I
λGiX.
The following lemma is proved in [10].
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Lemma 3.5. Let X be a completely regular space. Let f be in CB(X). Let f1, f2, . . .
be a sequence in CB(X) such that
|f |−1
(
[1/n,∞)
)
⊆ |fn|
−1
(
[1,∞)
)
for every positive integer n. Then gnfn → f for some sequence g1, g2, . . . in CB(X).
Our first theorem deals with the Lindelo¨f property and σ-compactness. Recall
that a regular space is called Lindelo¨f if every open cover of it has a countable
subcover. Also, a Hausdorff space is called σ-compact if it is a countable union
of compact subspaces. It is clear that every σ-compact regular space is a Lindelo¨f
space. The converse also holds if the space is locally compact. (See Exercise
3.8.C(b) of [2].)
In the sequel we denote the ideal generated by an element g of CB(X) by 〈g〉
(where X is a completely regular space).
Lemma 3.6. Let X be a completely regular space. For a closed ideal G of CB(X)
the following are equivalent:
(1) λGX is Lindelo¨f.
(2) λGX is σ-compact.
(3) G = 〈g〉 for some g in G.
Here the bar denotes the closure in CB(X).
Proof. Note that (1) and (2) are equivalent, as λGX , by its definition, is open in
(the compact space) βX , and is therefore locally compact.
(1) implies (3). By definition of λGX the collection {coz(gβ) : g ∈ G} forms an
open cover for λGX . Therefore
(3.1) λGX =
∞⋃
i=1
coz(gβi )
for elements g1, g2, . . . in G. Note that coz(g
β
i ) = λ〈gi〉X for every positive integer
i. Thus, using Lemmas 3.2 and 3.4, from (3.1) we have
λGX =
∞⋃
i=1
λ〈gi〉X = λ
∑
∞
i=1
〈gi〉X = λ∑∞
i=1〈gi〉
X.
Lemma 3.3 now implies that
(3.2) G =
∞∑
i=1
〈gi〉.
Without any loss of generality we may assume that gi is non-zero for every positive
integer i. Let
g =
∞∑
i=1
hi
2i‖hi‖
,
where hi = |gi|2 = gigi (which is an element of G) for every positive integer i. Then
g is a well defined mapping which is continuous by the Weierstrass M -test. Thus,
in particular, g is in G, as is the limit of a sequence in G and G is closed in CB(X).
We show that G = 〈g〉. It is clear that 〈g〉 ⊆ G. To show the reverse inclusion, by
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(3.2), it suffices to show that gi is in 〈g〉 for all positive integers i. For this purpose,
fix some positive integer i. By the definition of g we have
|gi|
−1
(
[1/n,∞)
)
⊆ |un|
−1
(
[1,∞)
)
for all positive integers n where un = n
22i‖hi‖g (which is an element of 〈g〉). By
Lemma 3.5 then unfn → gi for some sequence f1, f2, . . . in CB(X). Therefore, gi
is the limit of a sequence in 〈g〉 and is therefore in 〈g〉. This shows that G ⊆ 〈g〉.
(3) implies (2). Note that
λGX = λ〈g〉X = λ〈g〉X
by Lemma 3.2, and λ〈g〉X = coz(g
β). But the latter is σ-compact, as
coz(gβ) =
∞⋃
n=1
|gβ |−1
(
[1/n,∞)
)
.

The following lemma is quoted from [6].
Lemma 3.7. Let X be a completely regular space. Let H be a non-vanishing closed
ideal in CB(X). Then the open subspaces of sp(H) are exactly those of the form
λGX where G is a closed subideal of H. Specifically, for an open subspace U of
sp(H) we have
U = λGX,
where
G = {g ∈ H : gβ|βX\U = 0}.
In [10] it is proved that the spectrum sp(H) of a non-vanishing closed ideal H of
CB(X) is σ-compact if and only if H is σ-generated. (As usual, X is a completely
regular space.) The next theorem, in part, is an extension of this result.
Theorem 3.8. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). The following are equivalent:
(1) sp(H) is Lindelo¨f.
(2) sp(H) is σ-compact.
(3) H = 〈h〉 for some h in H.
(4) For any collection {Hi : i ∈ I} of closed ideals of CB(X), if H =
∑
i∈I Hi
then H =
∑∞
j=1Hij for some i1, i2, . . . in I.
Here the bar denotes the closure in CB(X).
Proof. The equivalence of (1), (2) and (3) follows from Lemma 3.6.
(1) implies (4). Let {Hi : i ∈ I} be a collection of ideals of CB(X) such that
H =
∑
i∈I
Hi.
Then, by Lemmas 3.2 and 3.4 we have
λHX = λ∑
i∈I Hi
X = λ∑
i∈I Hi
X =
⋃
i∈I
λHiX.
6 A. KHADEMI AND M.R. KOUSHESH
Therefore, since λHX (= sp(H)) is Lindelo¨f, we have
(3.3) λHX =
∞⋃
j=1
λHijX
for some i1, i2, . . . in I. But, again by Lemmas 3.2 and 3.4 we have
∞⋃
j=1
λHijX = λ
∑
∞
j=1
Hij
X = λ∑∞
j=1
Hij
X,
which, together with (3.3), by Lemma 3.3 we have
H =
∞∑
j=1
Hij .
(4) implies (1). Note that by Lemma 3.7 the open subspaces of sp(H) are of the
form λGX where G is a closed subideal of H . An argument similar to the one we
used to prove that (1) implies (4) now completes the proof. 
Our next theorem deals with countable compactness. Recall that a Hausdorff
space X is countably compact if every countable open cover of X has a finite sub-
cover, or, equivalently, if for every sequence U1 ⊆ U2 ⊆ · · · of proper open subspaces
of X we have X 6=
⋃∞
n=1 Un. (See Theorem 3.10.2 of [2].)
Theorem 3.9. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). The following are equivalent:
(1) sp(H) is countably compact.
(2) For every sequence H1, H2, . . . of closed subideals of H, if H =
∑∞
n=1Hn
then H =
∑m
n=1Hn for some positive integer m.
(3) For every sequence H1 ⊆ H2 ⊆ · · · of proper closed subideals of H we have
H 6=
∞⋃
n=1
Hn.
Here the bar denotes the closure in CB(X).
Proof. The proof uses the same methods as in the proof of Theorem 3.8. Observe
that for closed subideals H1 and H2 of H if λH1X ⊆ λH2X then H1 ⊆ H2, as
λH2X = λH1X ∪ λH2X = λH1+H2X = λH1+H2X
by Lemmas 3.2 and 3.4, which implies that H2 = H1 +H2 by Lemma 3.3. 
Our next theorem deals with pseudocompactness. Recall that a completely reg-
ular space is pseudocompact if every continuous scalar valued mapping on X is
bounded, or, equivalently, if there is no infinite discrete collection of open sub-
spaces in X . (A collection A of subsets of a space X is called discrete if every
element of X has a neighborhood which intersects at most one element from A .)
Completely regular countably compact spaces are pseudocompact and normal pseu-
docompact spaces are countably compact. (See Theorems 3.10.20 and 3.10.21 of
[2].)
The following two lemmas are quoted from [6].
Lemma 3.10. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). For a closed subideal M of H the following are equivalent:
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(1) M is a maximal closed subideal of H.
(2) There is some x in λHX such that
λMX = λHX \ {x}.
Lemma 3.11. Let X be a completely regular space. Let G1 and G2 be ideals of
CB(X). Then
λG1∩G2X = λG1X ∩ λG2X.
Theorem 3.12. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). The following are equivalent:
(1) sp(H) is pseudocompact.
(2) H has no subideal of the form
⊕
i∈I
Hi
where {Hi : i ∈ I} is an infinite (faithfully indexed) collection of closed
subideals of H such that for every maximal closed subideal M of H there is
an f in H \M such that 〈f〉 ∩Hi = 0 except for at most one i in I.
Proof. (1) implies (2). Suppose that H contains a subideal of the form
⊕
i∈I Hi
with properties as indicated in (2). For all i in I let Ui = λHiX . We check that
U = {Ui : i ∈ I} is an infinite discrete collection of open subspaces of λHX
(= sp(H)). This will prove that λHX is not pseudocompact. It is clear that U is
infinite (as the number of Hi’s are infinite, and there is a one to one correspondence
betweenHi’s and λHiX ’s by Lemma 3.3) and U consists of open subspaces of λHX .
Let x be in λHX . Let M be a closed subideal of H such that λMX = λHX \ {x},
which exists by Lemma 3.7. By Lemma 3.10 then M is a maximal closed subideal
of H . Using our assumption, there is an f in H \M such that 〈f〉 ∩Hi = 0 except
for at most one i in I. Note that fβ(x) 6= 0, as otherwise, using Lemma 3.2, we
have
λ〈f〉X = λ〈f〉X = coz(fβ) ⊆ λMX,
which (arguing as in the proof of Theorem 3.9) implies that 〈f〉 ⊆ M (and in
particular, f is in M), which contradicts the choice of f . Let U = coz(fβ). Then
U is an open neighborhood of x in λHX which intersects Ui’s for at most one i in
I, as
U ∩ Ui = λ〈f〉X ∩ λHiX = λ〈f〉∩HiX
by Lemma 3.11, and U ∩ Ui 6= ∅ implies that 〈f〉 ∩Hi 6= 0 for all i in I.
(2) implies (1). Suppose that sp(H) (= λHX) is not pseudocompact. Let
U = {Ui : i ∈ I} be an infinite (faithfully indexed) discrete collection of open
subspaces in λHX . For every i in I let Hi be a closed subideal of H such that
Ui = λHiX , which exists by Lemma 3.7. Consider the collection {Hi : i ∈ I} which
is faithfully indexed, as U is (and there is a one to one correspondence between
Hi’s and Ui’s by Lemma 3.3). For a fixed i0 in I note that
λHi0∩
∑
i0 6=i∈I
HiX = λHi0X ∩ λ
∑
i0 6=i∈I
HiX
= λHi0X ∩
⋃
i0 6=i∈I
λHiX = Ui0 ∩
⋃
i0 6=i∈I
Ui = ∅
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by Lemmas 3.4 and 3.11. This implies that Hi0 ∩
∑
i0 6=i∈I
Hi = 0. Therefore
∑
i∈I
Hi =
⊕
i∈I
Hi,
which is a subideal of H . Now, let M be a maximal closed subideal of H . By
Lemma 3.10 then λMX = λHX \ {x} for some x in λHX . Since U is discrete,
there is an open neighborhood U of x in λHX which intersects at most one element
of U . Let F : βX → [0, 1] be a continuous mapping such that F (x) = 1 and
F |βX\U = 0. (Such an F exists, as βX is completely regular.) Let h be an element
of H such that hβ(x) 6= 0. (Such an h exists by the definition of λHX .) Let
f = hF |X . Then f is in H , but is not in M (as otherwise, x would be in λMX ,
since fβ(x) = hβ(x)F (x) 6= 0). By Lemma 3.11 we have
λ〈f〉∩HiX = λ〈f〉X ∩ λHiX = coz(fβ) ∩ Ui
and coz(fβ) ⊆ coz(F ) ⊆ U , thus λ〈f〉∩HiX is contained in U ∩ Ui for all i in I.
Therefore λ〈f〉∩HiX is empty except for at most one i in I. Thus 〈f〉 ∩Hi is trivial
except for at most one i in I. 
Our concluding theorem deals with paracompactness. Recall that a Hausdorff
space is paracompact if every open cover of it has a locally finite open refinement.
It is known that every locally compact paracompact space may be represented as
the union of a collection of pairwise disjoint open (and thus also closed) Lindelo¨f
subspaces. (See Theorem 5.1.27 of [2].) The converse statement also holds, i.e.,
a space which is the union of a collection of pairwise disjoint open Lindelo¨f sub-
spaces is paracompact. (See Theorem 5.1.30 of [2]. Note that Lindelo¨f spaces are
paracompact by Theorem 5.1.2 of [2].)
Theorem 3.13. Let X be a completely regular space. Let H be a non-vanishing
closed ideal in CB(X). The following are equivalent:
(1) sp(H) is paracompact.
(2) H is representable as
H =
⊕
i∈I
〈hi〉.
Here the bar denotes the closure in CB(X).
Proof. (1) implies (2). Since λHX (= sp(H)) is locally compact and paracompact,
we have
λHX =
⋃
i∈I
Ui,
where {Ui : i ∈ I} is a collection of pairwise disjoint open Lindelo¨f subspaces of
λHX . For every i in I let Hi be the closed subideal of H defined by
(3.4) Hi = {h ∈ H : hβ |βX\Ui = 0}
for which we have λHiX = Ui by Lemma 3.7. Note that
λHX =
⋃
i∈I
λHiX = λ
∑
i∈I Hi
X = λ∑
i∈I Hi
X
by Lemmas 3.2 and 3.4, which implies that
(3.5) H =
∑
i∈I
Hi
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by Lemma 3.3. First, we verify that
(3.6)
∑
i∈I
Hi =
⊕
i∈I
Hi.
We need to verify that
Hi0 ∩
∑
i0 6=i∈I
Hi = 0
for all i0 in I. Fix some i0 in I and let fi0 be in Hi0 ∩
∑
i0 6=i∈I
Hi. Then
fi0 = fi1 + · · ·+ fin ,
where ij is in I and fij is in Hij for all j = 0, 1, . . . , n. Observe that f
β
ij
|βX\Uij = 0
by (3.4) for all j = 1, . . . , n. This implies that
(fβi1 + · · ·+ f
β
in
)|βX\
⋃
n
j=1
Uij
= 0.
But fβi0 = f
β
i1
+ · · ·+ fβin and
Ui0 ⊆ βX \
n⋃
j=1
Uij ,
thus fβi0 |Ui0 = 0. On the other hand f
β
i0
|βX\Ui0 = 0 by (3.4), from which it follows
that fβi0 = 0 and therefore fi0 = 0. This shows (3.6). Note that by Lemma 3.6
for all i in I (since λHiX (= Ui) is Lindelo¨f) we have Hi = 〈hi〉 for some hi in H .
Therefore, from (3.5) and (3.6) it follows that
H =
⊕
i∈I
〈hi〉.
(2) implies (1). We have
λHX = λ∑
i∈I〈hi〉
X = λ∑
i∈I〈hi〉
X =
⋃
i∈I
λ〈hi〉X =
⋃
i∈I
coz(hβi )
by Lemmas 3.2 and 3.4. Note that coz(hβi ) and coz(h
β
j ) are disjoint, if i and j in I
are distinct, as hihj = 0 (and thus h
β
i h
β
j = (hihj)
β = 0) by the representation of
H . Also, note that coz(hβi ) is σ-compact (and thus, Lindelo¨f) for all i in I, as
coz(hβi ) =
∞⋃
n=1
|hβi |
−1
(
[1/n,∞)
)
.
Thus sp(H) (= λHX) is the union of a collection of pairwise disjoint open Lindelo¨f
subspaces, and is therefore paracompact. 
4. On sets of closed ideals of CB(X)
In this concluding section for a completely regular space X we study certain
collections of closed ideals of CB(X), partially ordered under set-theoretic inclusion.
Definition 4.1. Let X be a completely regular space.
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• Denote
U (X) = {U : U is an open subspace of βX containing X},
and
H (X) =
{
H : H is a non-vanishing closed ideal of CB(X)
}
.
• Let H be in H (X). Denote
sub(H) = {G : G is a closed subideal of H}.
Let (P,≤) and (Q,≤) be partially ordered sets. A mapping f : P → Q is called
an order-homomorphism if f(x) ≤ f(y) whenever x ≤ y. A mapping f : P → Q
is called an order-isomorphism if it is a bijection and both f and f−1 are order-
homomorphisms. The partially ordered sets (P,≤) and (Q,≤) are order-isomorphic
if there is an order-isomorphism between them.
Lemma 4.2. Let X be a completely regular space. Then (H (X),⊆) is order-
isomorphic to (U (X),⊆).
Proof. Let the mapping
φ :
(
H (X),⊆
)
−→
(
U (X),⊆
)
be defined by
φ(H) = λHX.
Note that by Theorem 2.1 this indeed defines a mapping. Observe that φ is surjec-
tive, as for any U in U (X) the set
H =
{
f ∈ CB(X) : fβ|βX\U = 0
}
is in H (X) and λHX = U by a slight modification of the proof which applies to
Lemma 3.7. (We need to argue that H is non-vanishing. Let x be in X . Then x
is in U . Let F : βX → [0, 1] be a continuous mapping such that F (x) = 1 and
F |βX\U = 0. Let f = F |X . Note that fβ = F , as the two mappings are continuous
and coincide on the dense subspaceX of βX . Then f is in H and f(x) = F (x) 6= 0.)
It is clear that φ is an order-homomorphism. Also, for any H1 and H2 in H (X),
if λH1X ⊆ λH2X , then
λH2X = λH1X ∪ λH2X = λH1+H2X = λH1+H2X,
which implies that H2 = H1 +H2, and therefore H1 ⊆ H2. (We have used Lemmas
3.2, 3.3 and 3.4.) This in particular shows that φ is an injection (and thus is a
bijection) and therefore is an order-isomorphism. 
Let (P,≤) be a partially ordered set. Then (P,≤) is a lattice if together with
every pair p and q of its elements it contains their least upper bound p∨q and their
greatest lower bound p∧ q. Also, (P,≤) is a complete upper semi-lattice if together
with every collection {pi : i ∈ I} of its elements it contains their least upper bound∨
i∈I pi.
Theorem 4.3. Let X be a completely regular space. Then (H (X),⊆) is a lattice
which is also a complete upper semi-lattice. Indeed, for any two elements H1 and
H2 of H (X) and any subcollection {Hi : i ∈ I} of elements of H (X) we have
H1 ∧H2 = H1 ∩H2 and
∨
i∈I
Hi =
〈⋃
i∈I
Hi
〉
.
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Here the bar denotes the closure in CB(X).
Proof. This follows from Lemma 4.2. 
It is known that the order-structure of the set of all closed subspaces of any
Hausdorff space (partially ordered under set-theoretic inclusion) determines and is
determined by its topology. (See Theorem 11.1 of [1].) We use this fact in the
following.
Theorem 4.4. Let X be a completely regular space. Let H and H ′ be in H (X).
The following are equivalent:
(1) sp(H) and sp(H ′) are homeomorphic.
(2) sub(H) and sub(H ′) are order-isomorphic.
Proof. By Lemma 3.7 (and Lemmas 3.2, 3.3 and 3.4, as we have argued in the
proof of Lemma 4.2) the set of all open subspaces of sp(H) and sp(H ′) are order-
isomorphic to sub(H) and sub(H ′), respectively, all partially ordered under set-
theoretic inclusion. The theorem now follows, as the order-structure of the set of
all closed (and thus all open) subspaces of any Hausdorff space determines and is
determined by its topology. 
Theorem 4.5. Let X and Y be completely regular spaces. Every continuous map-
ping f : X → Y induces a (contravariant) order-homomorphism φ : (H (Y ),⊆) →
(H (X),⊆) which is injective if f is surjective.
Proof. Let
ψ :
(
U (Y ),⊆
)
−→
(
U (X),⊆
)
be defined by
ψ(V ) = f−1β (V ).
Note that this defines a mapping, as f−1β (V ) is open in βX (since it is the inverse
image of an open subspace of βY ) and contains X (since V contains Y ). It is clear
that φ preserves order and is therefore an order-homomorphism. Note that if f
is surjective then fβ : βX → βY is also surjective. In particular fβ(f
−1
β (V )) =
V for every V in U (Y ) which shows that ψ is injective. Note that (H (Y ),⊆)
and (H (X),⊆) are respectively order-isomorphic to (U (Y ),⊆) and (U (X),⊆) by
Lemma 4.2. This concludes the proof. 
Acknowledgements. The authors wish to thank the anonymous referee for his/her
careful reading of the manuscript, helpful suggestions and comments, and the
prompt report sent within less than two weeks from submission of the article.
References
[1] G. Birkhoff, Lattice Theory. American Mathematical Society, Providence, R.I., 1979.
[2] R. Engelking, General Topology. Second edition. Heldermann Verlag, Berlin, 1989.
[3] M. Farhadi and M.R. Koushesh, A Gelfand–Naimark type theorem. Topology Appl. 228
(2017), 145–157.
[4] M. Farhadi and M.R. Koushesh, On closed subalgebras of CB(X). Submitted (7 pp.),
arXiv:1801.00236 [math.FA]
[5] L. Gillman and M. Jerison, Rings of Continuous Functions. Springer–Verlag, New York–
Heidelberg, 1976.
[6] A. Khademi and M.R. Koushesh, On closed non-vanishing ideals in CB(X). Submitted (20
pp.), arXiv:1712.08540 [math.FA]
12 A. KHADEMI AND M.R. KOUSHESH
[7] M.R. Koushesh, The Banach algebra of continuous bounded functions with separable support.
Studia Math. 210 (2012), no. 3, 227–237.
[8] M.R. Koushesh, Representation theorems for Banach algebras. Topology Appl. 160 (2013),
no. 13, 1781–1793.
[9] M.R. Koushesh, Representation theorems for normed algebras. J. Aust. Math. Soc. 95 (2013),
no. 2, 201–222.
[10] M.R. Koushesh, Ideals in CB(X) arising from ideals in X. Studia Math. (78 pp.), to appear,
arXiv:1508.07734 [math.FA]
[First author] Department of Mathematical Sciences, Isfahan University of Tech-
nology, Isfahan 84156–83111, Iran.
E-mail address: a.khademi@math.iut.ac.ir
[Second author] Department of Mathematical Sciences, Isfahan University of Tech-
nology, Isfahan 84156–83111, Iran, and, School of Mathematics, Institute for Research
in Fundamental Sciences (IPM), P.O. Box: 19395–5746, Tehran, Iran.
E-mail address: koushesh@cc.iut.ac.ir
